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i. L~ the above paper azt estimate is given of the asymptotic error of 
conversion from three-dlmenai~l problems of the theory Of elasticity to 
two-dimenslonal problems of the plane state of stress. The author claims 
his estimate c~ot be improved. On the basis of these results an attempt 
is made to expla~ why, in certain cases [1], the subsequent terms of the 
asymptotlc exp~lon &ppe~r more significant than the early terms. However, 
the estimate Itself and especially the author's claim that it cannot be 
improved, may cause mlsunderstandln~ in thls important question, It is 
therefore expedient to examine certain aspects of the paper [2]. 

For simplicity we will examine a finite plate, bounded by plane faces P 
and the curvillnear cylinder Y~ wlth a closed dlrectrlx 7 • PaPer [2] 
assumes that F are free of stresses and that on P~ the dlsplac~nt vec- 
tor is given, for which (') 

O 

"/Ir = 0 (2) 

An approximate solution of the three-dlmensional problem is taken in the 
form 

X 00o p~ (~3), z~3 _ X 8o PI (~3) Oo = (a) 

where u~0 Is the solution of the plane state of stress problem correapondlne~ 
to condition (i). Estimating the difference 6u,- u,-- ~o ,the author assmRes 
known solutions for the problems for ~t and ~t t and extends these vectors 
smoothly in a certain vlc~ty of P" so that 6~ become zero at a d~t~nce 

*) A l l  n o t a t i o n s  used  be low a r e  f rom p a p e r  [1] u n l e s s  ~ n d l o a t e d .  
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of the order of 1 from r*, and so that the faces of r remain free of 
stress. It is easy to see that 

~u, (P) = ~ G ~  (P, Q ) / k  (Q) dQ (4) 

Here Gtw is Green's tensor for the membrane and ~t iS a linear combina- 
tion of B^ and its derivatives up to the third order inclusive. Applying 
Buniakowak~'s inequality to (4) and assuming that G,~- 0(in p), Salganik 
presents the following estimation: 

00o 0'0o OsOo 
6u i =  O ( M l n A  A), M =  max 0o, 0 ~  , 0 ~ 0 ~  B'  o~=o~o~vJ  (5) 

2. First, we note that the possibility of smooth extension of the vectors 
ut, ut* ~which represent the solution of the corresponding boundary value 
problem) beyond the boundaries of region ~ of the plate under consideration, 
is not obvious. See [3 and 4] for the possibility of such extensions. How- 
ever, in the present case, we must be aware that the matter is complicated 
by the requirement for an absence of stresses on F for the extended vector. 

Nevertheless, we admit, following Salganlk, that such an extension is 
possible and we return to Equation ~5). A more careful analysis shows that 
upon calculation to the order of A of the right-hand alde of Formula (5) 
a factor of A is omitted. Indeed, using Bunlakowski'a inequality from (4) 
we obtain 

D k D k 
Aasumlng further that G,w = O(in p) we have 

A 

D k  D 0 

F u r t h e r ,  s i n c e  a l l  f~ a r e  bounded i n  t he  r e g i o n  of  i n t e g r a t i o n  by one 
and t he  same c o n s t a n t  M , we have the  o b v i o u s  r e l a t i o n s h i p  

D k  
From (7) and (8) it follows that 

5u i = O (MA'  In A) (9) 

instead of (5). The statement concerning the impossibility of Iraprovlng the 
estimates is also erroneous. Indeed, in the demonstration, SalgaxLtk proceeds 
from the fact that E~mlakowski's inequality is transformed into an equality 
if the functions entering into it differ by a numerical factor. Thus, under 
the conditions in question here, the estimate (9) may be obtained exactly if 

~w = conat G,,. But the latter is impossible for at least two reasons. First- 
y, in structure, ~w vanish at a distance of the order of 1 from r* 

and G,~ does not possess such properties. Secondly, Gtk has inside the 
region ~ certain singularities; whereas ~w in the region of the plate are 
holomorphic (since u0m are solutions of plane elasticity problems) and are 
easily extended beyond the plate. Thus, the assertion about the finality of 
estimates of type (9} is not valid. 

We call attention to the fact that estimates of type (9) (if one still 
considers the author's claim concerning the in~oasibility of improving them, 
may produce an impression that the error of the hypothesis about the plane 
state of stress in the determination of displacement, increases infinitely 
when h - 0 . In fact, there is no basis for such an affirmation since the 
estimate (9) is overstated. Detailed investigation [5 smd ~ of cases of 
bending of the plate shows that the state of stress with the r free of 
stresses may be represented aymbolocally in the form 
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k~p 

(10) 
~o sin Im 

H~ = e -A'~mn ~ bmk (~ ,  ~ )  a m (~)A -~ (sin 2Tin + 2Tm) - ' - -2--  = 0  
m=l k ~p ~ rn 

(IO) the terms HL~ and b,~ are continuous functions of the coordl- 
hates, n Is the distance alo~ the In~er nor~l. Any term of the series 
expansion (iO) may be written If 7 and the external load~ are In.finltely 
differentlable. Such a case appears in [I]. An~lysls of type ~IO) may also 
be obtained for displacement under conditions [2]. 

For thls p - t eOh" When ~ and u~ (~, ~) are dlfferentlable only a finite 
number of times, analysis (I0) may be discontinued wlth a proper appro- 
xl~tlon. 

From the above mentioned It follows that for investlg~atlon of errors of 
plane state of stress It Is necessary to conslder the dl~ferentlal proper- 
ties o~ y and of glven dlsplacenents u, on F*; moreover, the esti~atlon 
of errors wlll dlffer essentla~ly If closed areas not haVln~ co~n points 
wlth F* are considered or If re~1ons extendln~ on F* are considered. These 
circumstances are ignored in paper [~]. One can only guess that ¥ and 
u~Ir* must be sufficiently s~th here. I~deed, ~, belr~ the solutions of 
a ~yetem of equations of plane elastlc problems, possess afteb ~a~Ik con- 
tinuous derivatives of the fourth order In a closed plane area bounded by y. 
This is possible If y and ~p. are sufflclently smooth. Therefore, accord- 
Ing to recent results on thls q~estion [7] the ~gnitude of y shot~Id be 
within ~,, and ua should belor~ to class R(~, A, ~). For the determlna- 
tlon 9 f ~, and H(4, A, e) see, e.g. paper ~8]. Uslr~ the method developed 
in ~5), we can establish that in thls case 8u~- 0~1)~in the closed reglon, 
occupied by the plate. ~fltls assumed th~ y and ualF have stronger dif- 
ferential properties, then we can write a larger number of terms in the series. 
We note In conclusion that the estimation of the remaining terms In~ thls case 
m~, apparently, include terms of the form A -~Inh; ~ > 0 . However, such an 
estlmatlon ~ be obtained in connection wlth sufficiently fine characterls- 
tlcs of differential properties of 7 and ~Ir*" These characterlstlcs 
should, for exhale, include the property of functions, which belong to the 
same class of HDlder's condltlon. 
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Translated by G.E.M. 

(PMMVoI.28, m 6, 196~) 

In my note "A theorem of dynamics" there is a fundamental error in Formula 

(9), which makes the basic result of the paper, namely Formula (12), errone- 

ous in the general case. 

I extend my gratitude to B.A. Smol'nlkov and T.R. Kharltonova, who called 

my attention to this error. 

A.I. Lur'e 

Translated by G.H. 


