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1. In the above paper an estimate is given of the asymptotic error of
conversion from three-dimensicaml problems of the theory of elastlicity to
two-dimensional problems of the plane state of stress., The author claims
his estimate cannot be improved. On the basis of these results an attempt
is made to explain why, in certain cases {1], the subsequent terms of the
asymptotic expansion appear more significant than the early terms. However,
the estimate itself and especially the:author's claim that it cannot be
improved, may cause misunderstunding in this important question., It is
therefore expedlient to examine certain aspects of the paper [2].

For simplicity we will examine a finite plate, bounded by plane faces T
and the curvilinear cylinder TI'* with a closed directrix y . _Paper [2]
assumes that I are free of stresses and that on TI'* the dinplncement vec-
tor is glven, for which (*)

" |r =4, Gu &) @=1,2) (1)

us® g =0 (2)

An approximate solution of the three-dimensional problem 1s taken in the
form

- A 80, ——_* g P 8, = a0} (3
u, = "ao+ m ‘ag—\;Pa (§3)- Ug T 2 6o P, (85) ( o P (3)

a

where Y;q 18 the solution of the plane state of stress problem corresponding.
to condition (1). Estimating the difference &y,= u,~ u,",the author sssumes
known solutions for the problems for y, and y,* and extends these vectors
smoothly in a certain vicinity of TI'* so that &y, become zero at a distance

*) All notations used below are from paper [1] unless indioated,.
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of the order of 1 from TI'“, and so that the faces of T remain free of
stress, It is easy to see that

Su; (P) = SG,-,‘ (P, Q) £, (Q) dQ (4)
D

Here (,, is Green's tensor for the membrane and s, is a linear comblna-
tion of 6, and its derivatives up to the third order 1lnclusive. Applying
Buniakowskl's inequality to (4) and assuming that @,,= 0(ln p), Salganik
presents the following estimation:

b, o | o T ©)
o 0%, » 95, 08,"° agmagadg?J

Su; = 0 (M InA A), M=max{

2. PFirst,we note that the posslbility of smooth extension of the vectors
Uy Uy ® (which represent the solution of the corresponding boundary value
problem) beyond the boundaries of region Q of the plate under consideration,
is not obvious. 8ee [3 and 4] for the possibility of such extensions. How-
ever, in the present case, we must be aware that the matter 1s complicated
by the requirement for an absence of atresses on TI' for the extended vector.

Nevertheless, we admit, followi Salganik, that such an extension 1is
possible and we return to Equation (5). A more careful analysis shows that
upon calculation to the order of ) of the right-hand side of Formula (5%
a factor of A 1s omitted. Indeed, using Buniakowski's inequality from (4)

we obtaln . .
sui < {§ Sieurae}™{ (Sinre)” ©)
D k
Assuming further that @, = 0(ln p) we hgsek
1 1 A' 1
{1§ k2| Gy PdQ} e (§ In? p dQ) " (Zn§ In%p p dp )/’ =0(AInA) (1)

Further, since all 7, are bounded in the region of integration by one
and the same constant §¥ , we have the obvious relationship

{\D11erae}™ =0 r.n) ®
D k
From (7) and (8) it follows that
Gui = 0 (MA®1n A) 9

instead of (5). The statement concerning the impossibility of improving the
estimates 1s also erroneous. Indeed, in the demonstration, Salganik proceeds
from the fact that Buniakowski's inequality 1s transformed into an equality
if the functions entering into it differ by & numerical factor. Thus, under
the conditions in question here, the estimate (9) may be obtained exactly if
{.= const ¢,,. But the latter 1s impossible for at least two reasons. First-
, in structure, s, vanish at a distance of the order of 1 from r*
and G,y does not pPossess such properties. Secondly, @,, has inside the
region 1 certain singularities; whereas s, in the region of the plate are
holomorphic (since Uy are solutions of plane elasticlty problems) and are
easlily extended beyond the plate. Thus, the assertion about the finality of
estimates of type {9) is not valid.

We call attention to the fact that estimates of type (9) (if one still
considers the author's claim concerning the impossibility of 1mproving them,
may produce an impression that the error of the hypothesls about the plane
state of stress in the determination of displacement, increases infinitely
when h - O . In fact, there 1s no basis for such an affirmation since the
estimate (9) is overstated. Detailed investigation [5 and 6] of cases of
bending of the plate shows that the state of stress with the T free of
stresses may be represented symbolocally in the form
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fa o)
H = H + H,, Hy = ) Hy (&, &y E) AR
k=p
(16)
0 0 3 N
-Av,n sin 7
Hy= Y e ™ 3 by, &) a, E)A™ (sin 27, + 271,) —5— =0
m==1 k=p Tm

In (10) the terms g,, and b,, Bre continuous functions of the coordi-
nates, »n 1is the distance along ‘:he inner normal: Any term of the series
expansion (10) may be written if y and the external loading are infinitely
differentiable. Such a case appears in [1]. Analysis of type (10) may also
be obtalned for displacement under conditions [2].

For this p = O . When vy and U, (£, &) are differentiable only a fimte
number of times, the analysis (10) may be discontinued with a proper appro-
ximation.

From the above mentloned 1t follows that for investigation of errors of
plane state of stress 1t 1s necessary to consider the differential proper-
ties of y and of given displacenents y, on TI'*; moreover, the estimation
of errors will differ essentially i1f closed areas not having common points
with TI* are considered or if regions extending on T'* are considered. These
circumstances are ignored in paper [2]. One can only guess that and
u,|lp» must be sufficiently smooth here. Indeed, u,, being the solutions of
a system of equations of plane elastlic problems, possess afteb Salganik con-
tinuous derivatives of the fourth order 1n a closed plane area bounded by vy.
Thls 1s possible if y and u,ir. are sufficlently smooth. Therefore, accord-
ing to recent results on this question [7] the magnitude of y should be
within ., and Y, should belong to class ¥, 4, ¢). For the determina-
tion of Q, and g(4, 4, o) see, e.g. paper [8]. Using the method developed
in (5), we can establish that in this case &u,= 0(1) in the closed region,
occupled by the plate. Ifitls assumed that y and U¥;jr have stronger dlf-
ferential properties, then we can write a larger number of terms in the serles.
We note in conclusion that the estimation of the remaining terms inl this case
may, apparently, include terms of the form A-t*lng; ¢ > O . However,such an
estimation may be obtained in connection with sufficiently fine characteris-
tics of differentlal properties of <y and Uy{r+. These characterlstics
should, for example, include the property of functions, which belong to the
same class of H8lder's condition.

BIBLIOGRAPHY

1. Nigul, U.K., O priblizhennom uchete kraevykh effektov tipa Sen-Venana
v zadachakh statiki plit (Approximate calculations of St.Venant edge
ei‘fect;élf“or boundary problems in the statics of plates) PNN Vol1.28,
w1, 1964,

2, Salganik, R.L., Ob otsenke oshlibkl, sovershaemol pri perekhode ot toch-
nykh uravnenii teorii uprugostl k uravnenilam ploskogo napriazhennogo
sostolanils (Eatimating the error committed in passing from the exact
equations of the theory of elasticity to the equations of the plane
state of stress). pyN-Vol.,28, w4, 1964,

3. Pikhtengol'ts, G.M., Kurs differentsial 'nogo 1 integral'nogo ischisleniia

(A 00371‘86 of Differential and Integral Calculus). Fizmatgiz, 1958,
. ~599.

Vuﬁ'kgvskii, V.V. and Myshkis, A.D., O prodolzhenil nepreryvno diffe-
rentsiruemykh funktsii (The extenslon of contipucus differentiable
functions). Usp.mat.Nauk, Vol.17, M 5, p.107, 1962,

5. Aksentian, 0.K. and Vorovich, I.I., Napriazhennoe sostolanie plity maloil

tolshchiny (State of stress in thin plates). py¥ Vol.27, M 6, 1963,
6. Aksentian, 0.K. and Vorovich, I.I., Ob opredelenii kontsentratsil napria-

zhenii na osnove prikladnoi teorii (On the deternm tion of stress
c;xggentrationa on the basis of the applied theory). PA¥ Vol.128, w3,
1 .

, S., Duglis, A, and Nirenberg, L., Otsenkl vbligi granitsy reshenil
elliptichesklkh uravnenii chastnykh proizvodnykh pri obshchikh gra-~
nichnykh uslovilakn (Estimating Edge Solutioms of Partial Differential
Equations of Elliptical Type Under General Boundary Conditions), Izd.
inostr.Lit., 1962.



Comments on R.L. Salganik's paper 231

8. Gilunter, N.M., Teorila potentsiala 1 ee primenenie k osnovnym zadacham
matematicheskol fizikl (Potential Theory and its Application to Basic
Problems of Matl “m: “ical Physics). Goskhimizdat, 1953.

Translated by G.E.M.

CORREOTION TO THE PAPER "A THEOREX OF DYNANIOS"

(PMM Vol.28, N 6, 1964)

In my note "A theorem of dynamics" there is a fundamental error in Formula
{9), which makes the basic result of the paper, namely Formula (12), errone-
ous 1n the general case,

I extend my gratitude to B.A. Smol'nikov and T.R. Kharitonova, who called
my attention to this error.

A.I. Lurte

Translated by G.H.



